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Abstract. We give definitions of moduli spaces of framed, r-Spin and Pin^ 
surfaces. We apply earlier work of the author to show that each of these moduli 
spaces exhibits homological stability, and we identify the stable integral homol- 
ogy with that of certain infinite loop spaces in each case. We further show that 
these moduli spaces each have path components which are Eilenberg— MacLane 
spaces for the framed, r-Spin and Pin^ mapping class groups respectively, and 
hence we also identify the stable group homology of these groups. 

In particular: the stable framed mapping class group has trivial rational 
homology, and its abelianisation is Z/24; the rational homology of the stable 
Pin^ mapping class groups coincides with that of the non-orientable mapping 
class group, and their abelianisations are Z/2 for Pin+ and (Z/2) 3 for Pin - . 



1. Introduction and statement of results 

Recent advances in the theory of moduli spaces of complex curves [141110] concern 
the stable topology of these spaces, that is, the topology of moduli spaces of curves 
of high genus. This theory has been built upon by several workers to — amongst 
other things — deal with tangential structures other than orientations. Thus much 
is known about the homology of moduli spaces of unoriented surfaces [21] , moduli 
spaces of Spin surfaces [TTJ [TJ [7] , and moduli spaces of oriented surfaces with maps 
to a simply-connected background space [3] . 

The author has recently given Q~8j a general theory of homological stability for 
moduli spaces of surfaces with ^-structure (which we define below) . This recovers 
the above examples, but also allows one to effectively study many moduli spaces 
that are new to the literature. In this paper we study three examples of these: 
moduli spaces of framed surfaces, moduli spaces of r-Spin surfaces, and moduli 
spaces of Pin ± surfaces. 

Let us give a precise definition of the moduli spaces we have in mind. Write 
F for a smooth surface, possibly with boundary. Let 9 : X — > BO(2) be a Serre 
fibration classifying the bundle 6**72 — > X, and let Bun(TF, 6**72) denote the space 
of bundle maps TF — > 6**72, i-e. fibrewise linear isomorphisms. Given a bundle 
map S : TF\gp —> 6**72, let Bung (T.F, 6**72; 5) denote the space of bundle maps 
TF — > 6**72 that restrict to 6 on the boundary. Let T)iSg(F) denote the group 
of diffeomorphisms of F which restrict to the identity diffeomorphism on some 
neighbourhood of the boundary, and equip it with the C°° topology. 
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Definition 1.1. The moduli space of surfaces with 9-structure of topological type 
F and boundary condition 8 is the homotopy quotient 

M e (F;8) := Bun d (TF,6*j 2 ;S)//T>iK d (F). 

If we dehne £ e (F;S) := Bun a (TF, 6**72 ; 5) x F//DiS d (F), where the group acts 
diagonally, the projection map 

£ d (F; 8) — > M e (F; 8) 

is a smooth F-bundle equipped with a bundle map T v £ (F;8) — > 6*-f2 from the 
vertical tangent bundle satisfying appropriate boundary conditions, and is universal 
with this property. This construction is discussed in more depth in [5J |HJ [TB] . 

Definition 1.2. Given a ^-structure 8 on dF, and a point £ G M e (F; 8), we define 
the 9 mapping class group (at £) to be the fundamental group 

T e (F;0 := ni(M e (F; £),£)• 

If we do not wish to introduce notation for a boundary condition, we may write 
M e (F) to denote M e (F; 8) with an unspecified 8. 

These moduli spaces have certain stabilisation maps between them. Let F be 
a surface with boundary condition 8 : TF\qf — > 6**72 and F' be a surface with 
^-structure. Given an identification of manifolds with 6 L structure from a collection 
of boundary components of F' to a collection of boundary components of F, there 
is a map 

M e (F;8) —^M e (FUF'-8') 

obtained by gluing F' to F along the identified boundaries. 

If we write £ fl! b for the orientable surface of genus g with b boundary components, 
these stabilisation maps for orientable surfaces are generated by certain elementary 
stabilisation maps 

a(g) : M e (£ g y 8) — ► ^ e (E 9+1 , b _ i; 8') 

[3{g) : M e (X g y,8) — ► M e (Z g , b+1 ;6') 

7(5) :M e (E g>b] 8) -^M e (X g ^ i; S') 

given by gluing on a pair of pants along the legs, a pair of pants along the waist, 
and a disc, respectively. If we write S n ^ for the non-orientable surface of genus n 
with b boundary components, in addition to the analogues of the above maps there 
are also stabilisation maps 

(i(n) : M e (S n y, 8) — > M e (S n+1 y, 8') 

given by gluing on a projective plane with two discs removed. 

Theorems about the stable topology of the moduli spaces A4 e (F) typically take 
the form of stating that a comparison map to a certain infinite loop space is a 
homology equivalence in some range of degrees. 

Definition 1.3. The Madsen-Tillmann spectrum of 6, denoted MT0, is the Thorn 
spectrum of the virtual bundle — 6**72 — > X. We denote by f2°°MT6 l the associated 
infinite loop space. 

For closed surfaces F there is a natural comparison map 

a F : M e (F) — ► ft^MTfl 

defined using Pontrjagin-Thom theory, and many characteristic classes of (9-surface 
bundles exist universally (i.e. independent of the topological type of F) on S]°°MTS. 
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1.1. Moduli spaces of framed surfaces. Let us take the tangential structure 
9 : EO(2) — > BO(2), and write M h '(Eg^; S) for the moduli space of framed surfaces 
with underlying surface £ g ,&. Write r fr (X gi b; £) for the framed mapping class group. 
We show that the path component of Ai (£ S) &; 8) containing £ is homotopy equiv- 
alent to -Br fr (E g> ;,; £), so homological questions about the framed mapping class 
group are equivalent to homological questions about the moduli space of framed 
surfaces. 

Our main theorem concerning the moduli spaces of framed surfaces is that they 
exhibit homological stability: the homology groups i/*(A^ fr (S g .fc; 5); Z) are inde- 
pendent of g, b and S as long as 5* < 2g — 7. Furthermore, the stable homology 
coincides with the homology of the space 0°°MTEO(2) = f2°°S" 2 ~ Q 2 Q S°, the 
double loop space of the free infinite loop space on a point. In particular, it follows 
that the abelianisation of the group r fr (I] g is Z/24 as long as g > 6, and that 
the rational group homology of r fr (E gj ;,; £) is trivial in the stable range. 

1.2. Moduli spaces of r-Spin surfaces. Recall that Spin r (2) = 50(2), but its 
standard 1-dimensional (complex) representation is the r-th tensor power of the 
standard representation of 50(2). 

Fixing an r, we take the tangential structure 9 : £>Spin r (2) — > BO(2), and write 
M Spiar (E g , b ; S) for the moduli space of r-Spin surfaces with underlying surface £ g ,f>. 
Write r Spm (E S) f,;£) for the r-Spin mapping class group. We show that the com- 
ponent of 7W Spmr (S g! b; S) containing £ is homotopy equivalent to Br Spmr (S Si (,;(), 
so homological questions about the r-Spin mapping class group are equivalent to 
homological questions about the moduli space of r-Spin surfaces. 

Our main theorem concerning the moduli spaces of r-Spin surfaces is that they 
exhibit homological stability: the homology groups H*(M pm (T, g y,S);Z) are in- 
dependent of g, b and 6 in degrees 5* < 2g — 7. 

In the case r = 2, our 2-Spin mapping class groups coincide with the extended 
Spin mapping class groups of Masbaum [TS] . Galatius has shown [7\ that the stable 
homology of these groups coincides with the homology of the infinite loop space 
Slg°MTSpin(2). We will show that a similar description of the stable homology is 
possible for all r, and give computational applications of this result, in |19j . 

1.3. Moduli spaces of Pur* 1 surfaces. Recall that there are two generalisations of 
the covering group Spin(2) — > 50(2) to a covering group of 0(2), called Pin + (2) and 
Pin - (2), which we recall in g] These give Serre fibrations 9 : i?Pin ± (2) -> BO(2) 
with corresponding moduli spaces M. Fm (S n ,b', 8) and _M Pm (S n y, S), and mapping 
class groups r Pln (S n ,b',£) and r Pln (S n ,b',0- We show that the component of 
M Pln (S n: b;S) containing a point £ is homotopy equivalent to i?r Pln (5 n> &;£), 
so homological questions about the Pm.^ mapping class group are equivalent to 
homological questions about the Pin ± moduli space. 

Our main theorems concerning these moduli spaces is that they exhibit homo- 
logical stability (for non-orientable surfaces), and we give precise stability ranges 
in 34.61 Furthermore, the stable homology coincides with that of the infinite loop 
spaces ri°°MTPin + (2) and f2°°MTPin~(2) respectively. In particular, we are 
able to calculate that the abelianisation of the group r Pin+ (S n y, S) is Z/2 as long 
as n > 9, and that of r Pin ~ (5„, 6 ; 5) is (Z/2) 3 as long as n > 11. In 957X1 we also 
study the divisibility of certain characteristic classes Q which were defined by Wahl 
in the integral cohomology of the moduli spaces of unoriented surfaces, when they 
are pulled back to the moduli spaces Ad Pm (F). 
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1.4. Guide. We prove the homological stability theorems for these tangential struc- 
tures by applying the general stability theorems of [T5]. In order to verify the hy- 
potheses of these theorems it is necessary to obtain a good understanding of the 
sets of path components no(A4 e (F; 5)) and the effect of stabilisation maps between 
these sets. The bulk of the paper is dedicated to this problem for the tangential 
structures in question, and can be understood without reference to [18] . In the 
proofs of the homological stability theorems we refer to concepts defined in [TBI 
§5-9], and we will not give these definitions again. 

The main qualitative theorem of [18] is that if the sets ttq(A4 8 (F; 5)) stabilise 
then the homology of these spaces stabilises. Much of the trouble we go to in this 
paper is to find the best possible stability range that the methods of that paper 
can provide. 

2. Moduli spaces of framed and t-Spin surfaces 

In the introduction we explained how a map 9 : X — > BO(2) produces a mod- 
uli space of surfaces with ^-structure M. (F;5) for each surface F and boundary 
condition 8. 

Definition 2.1. To define M. iv {F;8), the moduli space of framed surfaces of topo- 
logical type F and boundary condition 5, we take the map 8q : EO(2) — > BO(2) 
which classifies 7°, the trivialised bundle. 

To define M Spin (F;6), the moduli space of r- Spin surfaces of topological type 
F and boundary condition 5, we take the map 6 r : £?Spin r (2) — > BO(2), where 
BSpin r (2) := BU(1) and the map to BO{2) classifies 7^, the r-th power of the 
tautological complex line bundle. 

The maps defining both of these tangential structures naturally factor through 
the map 9 + : BSO(2) — > BO(2) classifying 7^, the universal oriented rank 2 vector 
bundle, and so they have forgetful maps which just remember the orientation. If 
I : TF — > 7J is a # r -structure on F, we denote by £ + : TF — > 7^ the underlying 
orientation obtained from the map 72 — > 7^- This defines a map 

Bun a (TF, 72 r ; S) — ► Bun^TF, 7 2 +; 6+) 

whose fibres are either empty (over a #+-structure which does not admit a refine- 
ment to a # r -structure), or else are homotopy equivalent to map* (F/9.F, BZ/r), 
where if OF — we interpret F/dF as F with a disjoint basepoint adjoined. Hence 
there are fibrations 

(2.1) m&p^F/dF, 50(2)) — >• M fT {F; S) — >• M+(F; 6+) 

(2.2) m&p,(F/dF,BZ/r) — >• M Spinr (F; 6) — M + {F;S+) 

whenever the total space is non-empty. Note that if F has no boundary, Ai h (F; 5) 
is non-empty if and only if F is diffeomorphic to a torus. Thus when discussing 
framed surfaces we will always suppose that they have boundary. Furthermore, 
from now on we will assume that all surfaces are orientable. 

2.1. Naturality properties. If r' divides r, there is a map of moduli spaces 

M Spinr (F;S r ) — >■ M Spinr ' {F;S r r), 

where S r i is the induced r'-Spin structure from the r-Spin structure 5 r . Further- 
more, there are maps to all of these moduli spaces from M. (F; S). 
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2.2. Mapping class groups. In the introduction we denned the 9 mapping class 
group of a 0-surface £ 6 M e {F; 8) to be the fundamental group based at this point. 

In the case of framings — as dF is assumed to be non-empty — in the fibration 
(|2.ip the space ma.p„,(F/dF, SO(2)) is homotopy-discrete and so we have an exact 
sequence of groups and pointed sets 

— ► 7Ti(M fr (F; <5),£) — > H 1 (F, dF; Z) — > Tr {M fT (F; 8)) — > *. 

Here denotes the usual mapping class group of the oriented surface F, and 

the map ip coincides with the crossed homomorphism obtained by Trapp 20 which 
gives an extended symplectic representation of the oriented mapping class group, 
though we will not pursue this connection. The above sequence identifies the framed 
mapping class group T ll (F; £) as the subgroup of the oriented mapping class group 
T + (F) consisting of those (isotopy classes of) diffeomorphisms which fix the isotopy 
class of framings [£]. Furthermore, it implies that Ad (F;S) is a disjoint union of 
K(tt, 1)'s, i.e. has the homotopy type of a groupoid. 

In the case of r-Spin structures, if we suppose that dF is non-empty, the space 
ma,p*(F/dF, Bljr) is homotopy-discrete so the fibre sequence (|2.2[) gives the exact 
sequence of groups and pointed sets 

— > TTi(M Spinr (F;5),£) -^T+(F) -A H\F, dF; Z/r) 

This identifies the r-Spin mapping class group Y Spm (F;£) as the subgroup of 
the oriented mapping class group consisting of those (isotopy classes of) 

diffeomorphisms which fix the isotopy class of r-Spin structures [£]. 
If F does not have boundary, there is a sequence 

— »-Z/r — > m(M apSar (F\S),£) — > T+{F) A H l {F;Z/r) — > ■■■ 

which identifies the r-Spin mapping class group with an extension by Z/r of the 
subgroup of r + (F) of mapping classes that preserve a r-Spin structure up to iso- 
morphism. In either case, A4 Spin (F; 8) is a disjoint union of K(ir, l)'s, i.e. has the 
homotopy type of a groupoid. 

2.3. The set of ^-structures. In order to apply the results of [T8], we must 
calculate the set of path components ■K^ j (A / i 9r (F; 8)), that is, calculate the set of 
isotopy classes of (9 r -structures a surface admits up to diffeomorphism of the un- 
derlying surface. This coincides with the quotient set of 7roBuna(T.F, -y| r ; 8) or 
7r Bun a (TF, 7 £; 8) by the action of T+(F). 

Let us define 



%(F;8) 



Tr Bnn a {TF,^;S) if r = 
7r Buna(TF,7^(5) if r > 0. 



Definition 2.2. Choose once and for all a (9 r -structure on M 2 , that is, a linear map 
K 2 — > . If V —> B is a framed rank two vector bundle, the standard 6 r - structure 
is the fibrewise linear isomorphism V — >• M 2 — > 

On the surface S g .b + i having r -structure £ with boundary condition <5, choose 
a marked point on each boundary component, and equip each marked point with 
the framing coming from the orientation and the inwards pointing normal vector. 
After perhaps changing 8 to an isomorphic boundary condition, we may suppose 
that the # r -structure is standard at each marked point. 

Let {ai, bi, U, di, r{\ be the collection of simple closed curves and simple arcs in 
Sg.6+i as shown in Figure [I] where the endpoints of the arcs lie at the standard 
marked points on each boundary component. Note that a.j D bj — 8ij and a, D dj = 
bi (~1 bj =0. These curves have canonical lifts on, bi, ti, di, fi to curves or arcs on 
SEg^+i, given by assigning them their unit forwards tangent vector at each point. 
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Figure 1. Curves and arcs on T, g ^+i- 



We remark that these lifts are not homology invariant: although t\ is homologous 
to a 2 — ai, l\ is homologous to a 2 — a\ + 2. In general, when lifting homologous 
elements from £ g) b+i to §£ 9 .fc+i, there is a correction term given by the Eulcr 
characteristic of a homology chain times z. 

Definition 2.3. Given a # r -structure £ on S g ,6+i we define a Z/r- valued function 
on the set of simple closed curves (or simple arcs between the standard marked 
points on each boundary component) by assigning to each curve or arc x the value 
q^(x) determined as follows: TF\ X has a # r -structure, but the forwards vector field 
along x splits off a trivial 1-dimcnsional sub-bundle, so reduces the structure group 
to Spin r (l) = Z/r. If X is a simple closed curve, the monodromy gives an element 
of Z/r. If a; is an arc, the forward / left framing along the arc agrees with the 
standard framing at the start of the arc, but not at the end: here it differs by a half 
rotation. However, the orientation of the surface gives a canonical choice of half 
rotation, which makes the # r -structure on the arc be standard near its ends, and 
hence give an element of Z/r. In both cases we denote the element of Z/r obtained 
by Mon(x). 

We define q^(x) to be Mon(x) — 1 e Z/r. 

The reader may be at a loss as to why we subtract 1 to what is already a perfectly 
good invariant: it is a normalisation, and ensures that if a simple closed curve x 
bounds a disc, then q^(x) = 0. We may now define a function 

p:0 r (£ ff , 6+1 ;<5) (Z/r) 2 «+ b 

given by := fe(ai), q^ q${a g ), q^(b g ), q^n), (r 6 )). 

Proposition 2.4. If ' r (S g ^+i;S) is non-empty, the map p is a bijection. 

Proof. Note that once a # r -structure is determined over the curves ai, bi and rj, 
it remains to give a # r -structure on a disc satisfying a certain boundary condition 
(which up to isomorphism depends only on 5, and not on the values of £ on the 
curves). This is possible (and if so, in a unique way) if and only if r (XI g) & + i; S) is 
non-empty, by obstruction theory for the map 9 r . □ 
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Using this proposition, we may study the action of the mapping class group 
r+(E gi fc + i) on the set r (£ S) & + i; S) by studying its action in the "coordinate system" 
given by p. 

Remark 2.5. We should mention to what extent the function p is unique. We have 
only defined it for boundary conditions with a choice of standard marked point on 
each boundary, and an ordering of the boundaries. Varying either of these choices 
will vary the function. 

Lemma 2.6. A 9 r - structure £ on F gives an element [£] £ H 1 (E>F;Z,/r), such that 
the function on simple closed curves or arcs with standard ends is given by lifting 
it to SF using the forwards tangent vector, and applying [£] and subtracting 1. 

Proof. By a Serre spectral sequence calculation, there is a unique class in iJ 1 (S7 2 "; Z/r) 
which restricts to 1 € H 1 (S 1 ; Z/r), as the Euler class of y% is divisible by r. This 
gives a map §7 2 — > BZ/r which we see is a homotopy equivalence. A # r -structure 
on F gives a map SF — »■ §72 taking the standard part of the boundary to the base- 
point and we define [£] to be the pullback of the tautological class via this map. 
The claimed property is now immediate. □ 

Let us write r Q for the (forward) Dehn twist around a simple closed curve a, 
and recall that the action of a twist on a homology class x is given by the formula 
T a {x) = x + {a, x) ■ a, where ( , ) denotes the intersection product. 

Lemma 2.7. If x is a simple closed curve or simple arc on F and x is its canon- 
ical lift to §£ give by the forwards tangent vector, then T a (x) = T a (x) which is 
homologous to x + (a, x) ■ a. Hence we have the formula 

Qr*d x ) = T a(n)( x ) = ld x ) + (a,x){q i (a) + 1) 
for the action of Dehn twists on 9 r -structures. 

Proof. The first part may be seen by constructing an explicit homology in S-F 
between r a (x) and x + (a, x) ■ a concentrated near the intersection points of a and 
x, when we represent them by transverse smooth 1-manifolds. The second part now 
follows as by Lemma [2.6l thc function is given by evaluating against a cohomology 
class on S-F — which is linear — and then subtracting 1. □ 

It is also useful to observe that if a and b are disjoint simple closed curves and 
af/=b is the simple closed curve obtained by forming the oriented connected sum of 
a and 6, then 

affb = a + b + z 
or equivalently for any # r -structure £, 

q^(a#b) = g e (a) + q i (b). 

The same holds when one of a and b is a simple arc. More generally, if a; is a simple 
closed curve whose homology class may be written as [a;] = [a] + [b] for simple closed 
curves a, 6, then 

(2.3) qt(x)=qt(a) + qt(b) + {a,b). 

This follows from the methods of Johnson [T^] (in particular his Theorem IB). 
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2.4. Diffeomorphism classes of ^-structures. Once we have the bijection p : 
r (T, g>b+ i;5) — > (Z/r) 29+b , there is a surjective function A : 2 (£g,6+i; Z/2 
given in terms of this bijection by the formula 

g b 
(2.4) Z^Yl ■ q ^ + Yl q ^ r j) ■ 5 i- 

i=l 3 = 1 

For surfaces with zero or one boundaries, the set of 2-Spin structures may be 
identified with the set of quadratic refinements of the intersection form [12j via 
£ h- > q £ . In that case, the second term of this formula vanishes and A is simply 
the Arf invariant. Hence we call it the generalised Arf invariant for 2-Spin surfaces 
with boundary. We remind the reader that the bijection p was not canonical (it 
depended on a choice of trivialised marked point on each boundary and an ordering 
of the boundaries), and hence A considered as a function on 02{^ g .b+i', 6) is not 
canonical either. 

Proposition 2.8. The function A is T + (S s ,fc+i) -invariant. 

Proof. Let a; be a simple closed curve represented in homology by J3f=i Xiai+Yibi + 
Sj=o ^i® j- Then a 2-Spin structure £ = (A\,B\, ...A g , B g ,Ri, ...Rb) evaluated on 
ves 

g b \ g b 

Y x iai + + Y = X * A * + Y > B * + X * Y > + Yl XA 

i=l j=0 J »=1 j=0 

. The Dehn twist around this curve satisfies 
q T * £ (ai) =Ai+Yi(q £ (x) + l) 
q T . 6 {b i ) = B i + X i (q £ {x) + l) 

Qr;t(n) = R 3 + ( A o + Xj)(qd x ) + 1) 
so if q £ (x) = 1 then q T * £ — q £ and the invariant is trivially preserved. If q £ (x) = 
then 

g g I g \ 

<=1 i=l Vi=l / 

and 

r 





and - % (x) = E5=o Mi + £*=i + + so A (0 = A ( T ^)- □ 

Thus we have produced a r + (E Si b + i)-invariant function A : #2(£g,&+i) — ► Z/2. 
This induces r + (£ gi b + i)-invariant functions on all #2n(£g.b+i), n > 0, by com- 
posing with the natural map #2n(£g.b+i; S) —> 02(£g,6+i; ^2). The main result of 
this section is the following theorem, which determines the number of orbits of 
r+(E S!6+ i) acting on r (E a> b+i; S). 

Theorem 2.9. Let g>2. If the set 6 r (Tig t b+i] <5)/r + (£ 9 ,b+i) is not empty: 
(i) It consists of a single element, if r is odd. 

(ii) It consists of two elements distinguished by the invariant A, if r is even. 
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In order to prove this theorem we require the following lemma which describes 
the action of the mapping class group r + (S g .f, + i) on the set 6 r (Eg t b+i; 5), in the 
coordinate system given by Proposition ^. 41 

Lemma 2.10. Translating the action o/r + (S S! i) on 9 r (Eg t i;5) to (Z/r) 29 , Dehn 
twists around the cycles di and bi give 

r^ 1 • {A U B 1 , A g , B g ) = {A 1 ,B 1 , B^A,, B t ± {A, + l),A i+1 , A g , B g ), 

t* 1 ■ (Ax,B u A g , B g ) = {A 1 ,B 1 , Bi-uAi T (Bi + 1), B u A i+1 , A g , B g ). 
Dehn twists around the cycles U give that r ti ■ (A%, B\, A g , B g ) is 

(Ai, A,, B t + Ai - Ai+i - 1, A i+1 ,B i+1 + A i+1 - A. t + 1, A l+2 , B g ). 
The analogous formulae hold for more than one boundary. 

Proof. For the first part, we compute T 0i (#£)(&,) = q^(T ai {bi)) = q^ipi) + 1, 

and so on. For the second part, note that ti is homologous to aj+x — di, and that 
ti is homologous to <Zj+i — Sj + z. Thus q^(U) = q^(ai+i) — q^(ai), 

T ti(qz){bt) = <?$(&») - + 1) = + - - 1 

and 

T ti(q$)(k+i) = qdh+i) + (%(*») + 1) = - %(°*) + <7?(a l +i) + 1 

which establishes the required formula. □ 

Proof of Theorem \2.9l Consider the element 

(Ai,Bi, . . . , A g , B g ,Ri, . . . , Rb) G 9 r (E, gi b+i; S). 

We will show how to reduce this to an element in standard form. 

By iteratedly applying r ai and we can reduce the pair (Ai,Bi) to the form 
(— 1, N). It is easy to check that the number gcd(Ai + 1, Bi + 1) S Z/r is invariant 
under r 0i and , so that 2V = gcd(Aj + 1, Bi + 1) — 1; let us call this G(Ai,Bi). It 
is not necessary for the proof, but to relate this to the function A we remark that 
G(Ai,Bi) ee AiBi mod 2. Hence 

(2.5) A 2 , B 2 , ...,A g , B g ,R x , ...R b ) 
is equivalent to 

(2.6) (-1, G(A 1 ,B 1 ), -1, G(A 2 , B 2 ), . . . , -1, G(A 9 , B g ), R u ... R b ). 
Applying r ti sends 

(-1, G(Ai,Bi), -1, G(Ai+i, B i+1 )) to (-1, -1, G(A i+1 , B i+1 ) + l), 

so applying it iteratedly to (|2.6[) gives 

(2.7) (-l,0,-l,0,...,-l,^;G(A i , SJ, Jfc). 

Let us write iV := Y^i=i G(Ai,Bi) temporarily. We will now show how to reduce 
the numbers Ri to a more standard form. Define the simple closed curve Ui to be 
the connected sum of a g and di , formed as indicated in Figure [1] to only intersect 
bg, so q^(Ui) — Ag + S{. Twisting along u% gives 

T Ul .(-l,0,-l,0,...,-l,Ar,i?i,...,i? r ) = (-1,0, -1,0, ...,-l,N+6 u Ri+Si,...,Rr), 

and twisting backwards around d\ gives (— 1, 0, —1, 0, —1,N+5\,R\ — 1, R r ). 
Repeating i?i times gives (— 1, 0, — 1, 0, — 1, N + Ri§\, 0, i?2, ••, Rr), and continu- 
ing in this way, by twisting around u-i, 113, ... we can arrive at 

g 

(2.8) (-1, 0, -1, 0, -1, ]T G{A h Bi) + WiA •••» 0)- 

i=l 
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This much holds for g > 1. 

If g > 2 we may apply the sequence 

(-1,0,-1,AO SJ 1 (-1,-2,-1, JV + 2) ^ (0,-2,-1, AT + 2) 

V 1 (0, 0, -1, TV + 2) "V (-1, 0, -1, TV + 2) 

to find that there are at most two orbits. If r is even the invariant A shows 
there are at least two orbits, and we are done. If r is odd note that we have 
put everything in the form (— 1, 0, . . . , — 1, X, 0, . . . , 0) for X e Z/r, but this is 
equivalent to (—1,0,..., —1, X + 2, 0, . . . , 0). Thus there is a single orbit in this 
case. □ 

2.5. Gluing 6> r -surfaces. In this section we will discuss how the invariant A be- 
haves with respect to gluing # r -surfaces. In order to do so effectively, it is convenient 
to discuss connected cobordisms with 9 r - structure. This simply means that we have 
designated incoming and outgoing boundaries, the marked points on the outgo- 
ing boundaries are framed using the boundary orientation and the inwards normal 
vector, and the marked points on the incoming boundaries are framed using the 
boundary orientation and the outwards normal vector. Furthermore, we have an 
ordering of first the outgoing boundaries and then the incoming boundaries, with 
respect to which we compute the generalised Arf invariant. We call this data a 
structured 9 r - surface. 

Given cobordisms with boundary condition (£,<$) and (S ', 8'), an identification 
ip : d ou tT, = dinTi 1 between incoming and outgoing and a choice of covering iso- 
morphism <p '■ S\d out z — &'\d in T,' between boundary conditions, determines a gluing 
map 

(tp, <t>) : r (£; 8) x r (E'; 8') — ► 9 r {Y, 8 U 8') 

which induces a map 

(V, <f) : r (£; <5)/T + (£) x r (E' ; <5')/T+(£) — ► fl r (£ l_V 8 U 8')/T+(X l_V S'). 

Under the identification of 9 r (Y>; 6)/T + (E) with no(M er (E; 8)), this is nothing but 
the gluing map between these moduli spaces, at the level of 7r . 

We will determine the effect on this map on the invariant A. In order for this to 
be meaningful, we must declare how to impose the data of a structured # r -surfacc 
on (S U^, 8 8'): we use the marked points of the two surfaces and the induced 
ordering on the unglued boundaries. 

Lemma 2.11. Let r be even, andT, andT,' be connected. The function A evaluated 
on (ip,4>)(ij:,ij:') is given by 

(2.9) A(tv) + A(tv) + SI** 

Proof. This is immediate from the formula for A, by considering the new genus 
that may be formed in such a gluing. There are two important points: 

(i) When gluing two arcs together at a single end, the total monodromy along 
them adds, and so the value of the invariant adds, but then one is added. 

(ii) When two arcs are joined to create a new simple closed curve, the value of 
the invariant along it is the sum of the values along the two curves. In light 
of the previous point this is counterintuitive, but has to do with the canonical 
"straightening" done to arcs ending at the outgoing boundary or starting at 
the incoming boundary: the two half turns do not cancel, they add. 

□ 



FRAMED, r-SPIN AND PIN MODULI SPACES AND MAPPING CLASS GROUPS 11 



In trying to understand this lemma, we remark that the reader should be aware 
that it is only stated for connected surfaces. We will discuss the failure of A to be 
either defined or to enjoy any good properties on non-connected surfaces elsewhere. 
The final tool we shall need is 

Lemma 2.12. In genus 1 the maps 

r (£i, 6 ;*)/r+(£i f6 ) — ► r (£ 1>6+1 ;<5')/r+(£ 1)6+1 ) 

that glue on a new boundary are surjective. 

Proof. By the proof of Theorem 12.91 elements of 9 r (T,iy, <5')/r + (£i i b) may be rep- 
resented by (— 1, X, 0, 0). If we glue on the pair of pants represented by (i?i, R2) 
along its last boundary to the first boundary of £, we obtain the element 

(~1,X, i? 2 + l,...,i? 2 + l,i?i) 

which may be reduced to (-1, X + (R 2 + 1) £ 4=1 Si + Ri5[,0, 0). By varying X 
we see that may obtain every element of the form (—1, Y, 0, 0), as required. □ 

2.6. Homological stability for framed and r-Spin surfaces. We will now 
describe how to use the above results to apply the main theorem of [T8] to prove 
homological stability for framed and r-Spin surfaces. To do so we must necessarily 
use terminology introduced in |18j . but we restrict its use to the proof. To be 
concise we give a single statement for all r: the statement for r = is that for 
framed surfaces. 

Theorem 2.13. The moduli spaces of 9 r -surfaces exhibit homological stability. 
More precisely, 

(i) Any a(g) : M 0T (T, g ^) — > M. r (Tig-\-i,b-x) is a homology epimorphism in de- 
grees 5* < 2g — 1 and a homology isomorphism in degrees 5* < 2g — 6. 

(ii) Any (3(g) : A4 e,r (T, g ^) — > A4 er (Y, g ^+i) is a homology epimorphism in degrees 
5* < 2g — 2 and a homology isomorphism in degrees 5* < 2g — 7. If one of the 
created boundary conditions is trivial, it is a split homology monomorphism 
in all degrees. 

(Hi) Any 7(3) : A4° r (£ 5l b) — > M. 9r (Yi g ^-i) for b > 2 is a homology isomorphism 
in degrees 5* < 2g — 2, and a split homology epimorphism in all degrees. 

Proof. In order to apply Theorem 7.1 of |18j . we must verify two conditions: that 
# r -structures stabilise on ttq at genus h, and that they are k-trivial. We claim that 
this is true for (h, k) — (2, 4), then solving the recurrence relations of jTSJ §7.1] with 
this data will give the stated stability ranges. 

The path components of the moduli spaces of # r -surfaces stabilise at genus 2 
by Theorem 12.91 and Lemma 12.121 It follows from (T8l Proposition 6.4] that 9 r - 
structures are 5-trivial, and from this we may already deduce homology stability in 
a certain range. However, we shall show that we in fact have 4-triviality, giving a 
better stability range. 

To do this we refer the reader to the definition of 4-triviality in [TS1 §6.1]. For 
the case of a type stabilisation maps, we must show that given a diagram of 9 r - 
surfaces with compatible boundary conditions as shown in Figure [2j such that 
Sl oY>t — £_bo£/j as # r -surfaces, there is a diagonal (9 r -surface Sa with boundary 
conditions (D, A + B) such that £_b o — Sl and £a £t — £_r- 

By Lemma T2.121 the map 

-oE T : r (£ 1) i +2 ;D+AU£)/r + (Ei i i + a) — > ^(£1,2+2; EUF+AUB)/T+(E li2+2 ) 

is surjective, so let us choose £a to be some preimage of £#. By construction, 
£a £t — £i?, as required. We now wish to use the generalised Arf invariant, so 
must give the structure of a structured (9 r -surface on each cobordism: we choose 
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Figure 2. The given data to show 4- triviality with respect to a 
type stabilisation maps. The two 6*,--surfaces obtained by composi- 
tion arc isomorphic, and we must provide a genus 1 r -surface from 
D to A U B such that for each triangle the two obtained 6* r -surfaces 
are isomorphic. 



a marked point on each boundary A, B, F, and choose an ordering of the 
boundary components of each cobordism, with all the outgoing boundaries first. In 
terms of Figure [H let us order them clockwise starting at the rightmost outgoing 
boundary (so B is the first boundary component of E#). 

Applying the invariant A and the formula for gluing cobordisms to the given 
surfaces gives the equation 

A(Sh) + A(£ B ) + B = A(£ L ) + A(E T ) + D e Z/2 

and applying it to Ea ° St — Ex? gives the equation 

A(E R ) = A(E A ) + A(E T ) + D e Z/2. 

Combining these gives that 

A{Y*b o E A ) = A(E A ) + A(E B ) + B = A{E L ). 

As S5 o Ea and Ex, are surfaces of genus 2, the invariant A is complete by The- 
orem [279] and hence E B o Ea — Ex as r -surfaces, as required. The argument for 
stabilisation maps of type f3 is the same. □ 

2.7. Homological stability for closing the last boundary. Theorem l2 . 131 gives 
homology stability for almost all the stabilisation maps one might need, except for 
those which close off the last boundary. In the case of framings there are no such 
maps of interest: the only frameable closed surface has genus 1, for which the 
stability range is empty. Thus in this section we will restrict our attention to 
r-Spin structures only. 

The paper [TS] includes a general theorem on stability for closing the last bound- 
ary, whose hypotheses are that the relevant tangential structure has homological 
stability for all other stabilisation maps, and that it satisfies a condition called 
closeability [T51 Definition 10.5]. 

Theorem 2.14. Any j(g) : M Spinr (Z g x, S) -> M SpinT '(E fl ) is a homology isomor- 
phism in degrees 5* < 2g — 2, and a homology epimorphism in degrees 5* < 2g + 3. 
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Proof. We will verify the conditions for closeability for the tangential structures 9 r , 
r > 1, and so assume the language of [H]. The natural map B^ T —> Bq° , from 
the space of r-Spin structures on D 2 to the space of orientations of D 2 , induces a 
bijection on wq as the fibre of 9 r : £?Spin r (2) — > BSO(2) is path-connected. 

Hence 7ro(C r (S)) = tt (Cq C '(£)) for any orientable surface E, and we showed in 
[T51 §10.3.1] that orientations are a closeable tangential structure, so # r -structures 
are also. The theorem now follows from [T5J Theorem 10.6]. □ 

3. Applications of homology stability for framed surfaces 

The methods of Galatius, Madsen, Tillmann and Weiss [HI Section 7] take the 
homological stability theorem for framed surfaces and imply a homology equivalence 

colim g ^ 00 A^ fr (I] s4+1 ) =: .M fr (£oo) — > n°°S~ 2 ~ n 2 Q(S°) 

where the colimit is formed by gluing on framed tori with two boundary compo- 
nents. 

Corollary 3.1. The moduli space of framed surfaces M h '(T, g ^;5) has the integral 
homology of fl 2 Q(S a ) in degrees 5* < 2g — 7. In particular it has trivial rational 
homology in these degrees. The same is true for the framed mapping class group 

Corollary 3.2. The abelianisation o/r fr (E £ , j f ) ; £) is Z/24, as long as g > 6. 

Proof. The abelianisation is simply the first integral homology of this group, which 
for g > 6 coincides with the first integral homology of f2°°S~ 2 . By Hurewicz' 
theorem this is the same as 7ri(f2°°S _2 ) = 713, the third stable stem, which is well 
known to be cyclic of order 24. □ 

A diffeomorphism ip : E Si i — > E Si i that preserves a framing £ (up to isomorphism) 
represents an element [ip] 6 r fr (S gi i; £) in the framed mapping class group, and one 
may ask what class it represents in the abelianisation Z/24. 

The mapping torus — > M v — > S 1 is a smooth 3-manifold with boundary 
9S Sj i x S 1 , and we may frame M v by choosing to take the Lie framing of S 1 
and the framing £ along the fibres. On the boundary this framing of x S 1 
bounds a framed solid torus by filling in a trivially framed disc in the S 1 direction. 
Gluing such a framed solid torus in we obtain a closed framed 3-manifold M 3 , which 
represents an element of 7r| = Z/24. 

It is well known that the element of Z/24 represented by a framed 3-manifold M 
may be computed as follows. M is in particular a Spin 3-manifold, and any closed 
Spin 3-manifold bounds a Spin 4-manifold, so let M 3 = dW 4 . The first Pontrjagin 
class of W may be represented by a cocycle which is identically zero on dW = M 
as this is framed, so gives an element p\ 6 H 4 (W, M; Z). We may then form 

A different choice W of Spin manifold means that WUW' is a closed Spin manifold, 
and the two invariants defined above differ by —jg(pi, [WLiW]), which is an integer 
(as it is half the A-genus of the closed Spin manifold W U W, which is even by 
Rokhlin's theorem). Thus we obtain a well defined element of Q/Z which lies in 
the subgroup generated by 2/48, which is isomorphic to Z/24. Hence, in principle 
we have described the map r fr (£ gi i;£), though in practice it is a matter of some 
difficulty to evaluate the above characteristic number. 
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4. The moduli spaces of Pin ± surfaces 

In the introduction we described how to a map 9 : X — > BO(2) we can associate 
a moduli space of surfaces with ^-structure, so to define the moduli spaces of Pin- 
surfaces it is enough to describe this map. 

This is complicated by the fact that there are two forms of Pin(2) group, Pin + (2) 
and Pin~(2), which are most easily distinguished by saying that they are the central 
extensions of 0(2) classified by the classes w; 2 and w 2 + w\ in H 2 (BO(2)\'L/2) 
respectively (which we identify with the continuous group cohomology of 0(2)). 
The classifying spaces of both groups fit into principal homotopy fibre sequences 

(4.1) B1/2 — > BPin ± (2) BO(2), 

and we define ± to be the indicated map in the defining extension. Let 7 Pm± — > 
_BPin ± (2) and 72 — >• B0{2) denote the tautological bundles. 

Definition 4.1. For each choice of sign, the moduli space ofPiiv^ surfaces of topo- 
logical type F and boundary condition 5 : TF\gp — s> 7 Pln , denoted A4 Pln (F;5), 
is that associated to the map 6' ± . 

There is a natural fibration 

Bun a (TF, 7 Pin± ;<5) — > Bun a (r^,7 2 ; [5]), 

where [S] denotes the composition TF\qf -4 7 Pm± — > 72- The fibres of this map 
are either empty (if F does not admit a Pin ± -structure compatible with S) , or else 
are homotopy equivalent to map lt (F/dF,B7i/2), where we consider F/dF to be F 
with a disjoint basepoint added if dF = 0. 

Hence if A4 Pln (F; S) is non-empty there is a fibration sequence 

(4.2) m^(F/dF,BZ/2) —> M Pia± (F; 6) —> M°^(F; [6]), 
obtained by taking the homotopy quotient by DiSq(F). 

Remark 4.2. Both Pin + (2) and Pin - (2) become isomorphic to Spin(2) when re- 
stricted to covering groups of SO(2). Hence if a surface is orientable and has 
boundary, a Pin ± -structure on it is nothing but a (2-)Spin structure. As we have 
dealt with this situation in the previous sections, from now on we will assume that 
we only consider non-orientable surfaces. 

4.1. Pin ± mapping class groups. We consider the long exact sequence on ho- 
motopy groups associated to the fibration (|4.2[) . If dF is non-empty, the fibre is 
homotopy-discrete so this induces an exact sequence on homotopy groups 

-^T pin± (F;Z) — ►T(F) H 1 (F,dF;Z/2) Tr Q {M Piu± (F; 6)) * 

where r pin± (F;£) := 7Ti(A^ Pin± (F; 5), £). This identifies the Pin* mapping class 
group r Pln (F; ^) as the subgroup of the unoriented mapping class group consisting 
of those diffeomorphisms which fix the Pin ± -structure ^ up to isomorphism. 
If dF is empty, there is an exact sequence 

— > Z/2 — ► T Pin± (F; £_) —> T(F) 

which identifies the Pm^ mapping class group with an extension by Z/2 of the sub- 
group of the unoriented mapping class group of elements fixing the Pin ± -structure 
£ up to isomorphism. This is analogous to the 2-Spin mapping class group in the 
case of oriented surfaces. 
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Figure 3. Curves and arcs on S n ,b+i- 

4.2. The set of Pin ± -structures. In order to apply the results of [13], we must 
compute the sets of components 7To(.A/( Pln (F; 6)), at least when the genus of F is 
large. This is the same as the quotient of the set of Pin ± -structures 

Pin^i^) := 7r (Bun a (TF, 72 Pin± ;5)), 

by the action of the unoriented mapping class group T(F). 

Remark 4.3. By considering the fibration 

map*(F/aF,BZ/2) — > Bun a (TF, 72 pin± ; S) — > Bun a (TF, 72 ; [<$]) 

when Bun 9 (TF, 7 Pin ; S) is non-empty, we see that the set Pin ± (F, 6) is a torsor 
for H 1 (F,dF;Z/2). 

As in the r-Spin case, we choose once and for a Pin^-structure on R 2 , which 
induces a standard Pin -structure on any framed rank 2 vector bundle. On the non- 
orientable surface S n< b+i having some Pin -structure £ with boundary condition 
6, we choose a marked point on each boundary component, which has a canonical 
framing coming from the orientation of the boundary and the inwards pointing 
normal vector. After perhaps changing 5 to an isomorphic boundary condition, we 
may assume that it is standard at each marked point with respect to this framing. 

Let {axi a ni obs •••> &b} be the collection of simple closed curves as shown in 
Figure[3J and {ri, n,} be the collection of simple arcs. We also write aj + a,j and 
a, + aj + afe + ai for the simple closed curves shown, indicating the homology class 
they represent. There is a presentation of the first integral homology of SVi.b+i as 

i?i(5„,6+i;Z) = Z(ai, ...,On,So, -,db)/(d H h d b + 2(oi H h a n )). 

Definition 4.4. Given a Pin + -structure £ on F, along any simple closed curve a 
or simple arc r between standard marked points we have a canonical reduction of 
structure group from Pin + (2) to Pin + (1) = 0(1) x Z/2. The first factor detects 
orientablity of the loop or arc. Taking the value of the monodromy along a or r on 
the second factor and adding 1 defines q^(a) or q% (r) £ Z/2. 

Given a Pin _ -structure £ on along any simple closed curve a or simple arc r 
between standard marked points we have a canonical reduction of structure group 
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from Pin - (2) to Pin - (1) = Z/4. Adding 2 to the nionodromy along a or r defines 
q^(a) or q%(r) £ Z/4. The reduction of q$(x) modulo 2 detects orientability of the 
loop or arc. 

We write Mon(a) or Mon(r) for the monodromy (in Z/2 or Z/4) around a curve 
a or arc r between standard marked points. 

The convention of adding the monodromy around a disc to the actual monodromy 
in this definition is as a normalisation: now q^{a) = if and only if a bounds a disc 
with Pin ± -structure. We leave the proof of the fact that the monodromy around a 
disc is 1 in the Pin + case and 2 in the Pin - case to the reader: it is an interesting 
exercise in characteristic classes. 

Remark 4.5 (Boundary conditions). For each oriented boundary component di of 
a surface F with Pin ± -structure £, we may evaluate q^ on the simple closed curve 
di to get Si. For Pin + -structures this lies in Z/2 and for Pin - -structures it lies 
in 2Z/4 = Z/2 as the curve is orientation-preserving. This allows us to identify 
boundary conditions on S n ^+i for either of these tangential structures with ele- 
ments of (Z/2) f,+1 , and 5i — precisely when this boundary component bounds a 
disc. 

There is a map e+ : Pin + (5„,b + i; 5) -t (Z/2) n+b (or to (Z/2)" if the surface is 
closed) given by e+(f) = (^(ai), —, q^(a n ), q$ (n), q^(rb))- Similarly, there is a 
map by evaluation on the Oj and 7"j. 

Proposition 4.6. If the set Pin + (S'„.b+i; S) is non-empty, e + is a bijection. If 
the set Pm~(S n b+i;S) is non-empty, e - is a bijection onto the subset {[1], [3]}™ x 
{[0],[2]}*. 

Proof. Certainly both maps are injective: once a Pin ± -structure £ is determined on 
ax, a n , ri, Tb and the boundary by 8, it remains to give a Pin^-structure on a 
disc satisfying a certain boundary condition (which depends only on S). If this is 
possible, it is possible in at most one way, as the space of Pin ± -structures on the 
disc is either empty or a torsor for fl 2 BZ/2 ~ *. 

The image of e - certainly lies in the subset { [1] , [3] }" x { [0] , [2] } b due to the values 
a Pin - -structure may take around orientation-reversing and -preserving arcs. Now 
note that Pin ± (F;(5) is either empty or a H 1 (F, dF; Z/2)-torsor, so counting now 
implies that the maps are bijections. □ 

Remark 4.7. We should mention to what extent the functions e + and e - are unique. 
We have only defined them for boundary conditions with a choice of standard 
marked point on each boundary, and an ordering of the boundaries. Varying cither 
of these choices will vary the functions. 

Proposition 4.8. Let £ e Pin ± (F; S) be a Pin ± -structure and g 6 ff^F, dF; Z/2) 
be a cohomology class. The torsor structure gives a new Y'vcx^ -structure g ■ £ and 
on a simple closed curve or simple closed arc a we have the formula 

Qg-d a ) = %( a ) + 9( a ) ■ Mon(D 2 ), 
where Mon(D 2 ) is 1 in the Pin + case and 2 in the Pin - case. 
Proof. Direct from the definition of the torsor structure. □ 

Using Proposition 14. 61 we may study the action of r(5„^ + i) on Pin ± (F;<5) by 
studying its action in the "coordinate system" given by e ± . To do so we will require 
various formulae for computing with q^. 
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Lemma 4.9. Let SVi.i be a non-orientable surface with Pin -structure £. Then 
Sq = for Pin - , and So = n mod 2 for Pin + . Let S 9j i be an orientable surface 
with Pin -structure £. Then So — for both Pin - and Pin + . 

More generally, for a surface with multiple boundaries the same is true for ^2 Si • 

Proof. The value of So is the value of W2 + w\ or W2 respectively evaluated on S n 
or 'Eg. This is and n mod 2 respectively on S n , and always on E 5 . □ 

Lemma 4.10. If a and b are disjoint simple closed curves (or a simple closed and 
a simple arc), and a#b is their oriented connected sum, then 

1i{a#b) = qt(a) + q i (b). 

Proof. We may suppose that the connect sum is formed in a small disc on the 
surface where we have trivialised the Pin -structure. Hence the difference in total 
monodromies of aUb and a#6 is the monodromy around a small disc, and the claim 
follows as q% is corrected from the actual monodromy by precisely the monodromy 
around a small disc. □ 

Lemma 4.11. Let a and b be simple closed curves (or a simple closed and a simple 
arc), and c be a simple closed curve (or a simple closed arc). 

(i) For Pin - , if the Z/2-homology classes satisfy [c] = [a] 4- [b], then 

q^c) = q c (a) + qt(b) + 2 ■ (a,b) e Z/4. 

(ii) For Pin + , if the Z/4-homology classes satisfy [c] — [a] + [b], then 

<K(c) =g e (a)+<? e (6) + <a,6) e Z/2. 

If b bounds a disc, we are asserting that q^(a) only depends on the (%/2 or Z/4, 
respectively) homology class of a. 

Proof. Firstly, we perturb a and b so that they cross transversely. Near each in- 
tersection point we can cut out the intersection and glue the four incoming arcs 
together in pairs, to get a homologous collection of N disjoint simple closed curves 
(with perhaps a single arc). Each time we do this, the total monodromy around all 
these curves does not change, so we still have total monodromy Mon(a) + Mon(b). 
When we connect-sum together the N disjoint curves, we end up with a single curve 
with monodromy 

Mon(a) + Mon{b) + Mon(D 2 ) ■ (N - 1), 

as in the proof of the lemma above, and hence a single curve with invariant 

qi (a)+ qi {b) + Mon{D 2 )-N. 

We now simply remark that during the process of eliminating intersection points, 
the value of 

^{components} + ^{intersection points} £ Z/2 

is constant, so in particular N = (a, b) modulo 2, and the curve we have constructed 
has invariant q^(a) + q%(b) + Mon(D 2 ) ■ (a, b). 

It is now enough to prove the homology invariance of q^: if a and c are (Z/4 or 
Z/2, respectively) homologous, then q^(a) = q^(c). By taking the difference of a 
and c, and performing the above manouver to get a single simple closed curve, it 
is enough to show that if a is homologically trivial then q^(a) = 0. 

To prove this we use the classification of simple closed curves in a surface (which 
is of course a simple consequence of the classification of surfaces). For the Pin - case, 
a simple closed curve on a non-orientable surface can be trivial in Z/2-homology 
only if it bounds a subsurface, then by Lemma 14.91 the value of the invariant on it 
is zero. For the Pin + case, a simple closed curve on a non-orientable surface can be 
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trivial in Z/4-homology only if it bounds an orientable subsurface, then by Lemma 
14.91 the value of the invariant is zero. □ 

We learnt the above results from the work of Degtyarev-Finashin [4] , but have 
adapted the results and proofs in the form that is most convenient to us. Using 
the above lemma one can extend uniquely to a function on the first Z/2- or 
Z/4- homology of S n ,b+i> an d the lemma shows that is a quadratic refinement of 
the intersection form. 

We wish to compute the action of the unoriented mapping class group T(S ni b+i) 
on the sets Pin (S nj 6-i_i ; S). Recall that the unoriented mapping class group is 
generated by Dehn twists and crosscap slides [13]. By the following lemma, it will 
be enough to consider just Dehn twists. 

Lemma 4.12. Crosscap slides act trivially on Pin ± (S f „.h+i; 5). 

Proof. Crosscap slides act trivially on the integral homology of S n ,b+i- If t is such 
a diffeomorphism then 

q T * s (a) = r*q 4 (a) = ?f(r(a)) = q s (a) 
as r(a) is homologous to a. □ 

Hence we only need to study the action of Dehn twists on the set of Pin - 
structures. We will require the following formulae, where a is a simple closed curve, 
r a is the Dehn twist around a, and x is a simple arc or simple closed curve: for 
Pin + -structures 

1r*i{x) = q$(x) + (a,x)(q 6 (a) - 1) G Z/2, 

and for Pin - -structures 

q r ;t(x) = qt(x) + (a,x)(q s (a) - 2) G Z/4. 

Both equations come from the standard action of Dehn twists on homology, T a (x) = 
x + (a, x) ■ a, and Lemma 14.111 

4.3. Diffeomorphism classes of Pin + -structures. Once we have a bijection 
e+ : Pin + (5„,6+i;«y) -> (Z/2)™+ 6 , we define a function 

A:Pin + (5„, b +i;J) ^ Z/2 

by the formula ^ i— > X)"=i 9?( a «)- 

Proposition 4.13. The function A is T (S n b+i) -invariant. 

Proof. It is enough to show that it is invariant under Dehn twists. Let a be an 
orientation preserving simple closed curve represented in homology by ^ Aiai + 
Xjdj G Hi(S nt b+i;Z), so (a, a) — — 0- We may then compute 



n n n n n 

X^rjcK) =^2q^{a l + (a t ,a)-a) = ^ qd a i)+J2 Ai ( 1+ ld a )) = ^2<lt;( a t) G Z/2 

i—1 i—1 i—1 i—1 i—1 

so A is a diffeomorphism invariant of the Pin + -structure £. □ 



Proposition 4.14. The induced map A : P'm + (S U: b+i', S)/T(S n ^+i) — > Z/2 is a 
bijection if the source is non-empty and n > 3. It is a surjection for n > 1. 

Proof. We use the bijection e + to identify Pin + (5'„ i b + i; S) with Z/2" +b , and write 
elements as (Ai, A ni R\, Rff). If we take the simple closed curve Oj + aj from 
Figure |3] (when n > 2), we have 

!q 6 (a s ) s^i,j 
l + qfaj) s = i 
l + q s (ai) s = j. 
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Thus given an element (Ai, A n ) 6 (Z/2) n , we may permute a pair of entries and 
add 1 to both, via Dehn twists. In particular, we may remove pairs of l's, and we 
may move a single 1 to be at any position (if n > 3). Thus we may reduce any 
element to the form 

(0,1,0, ...,Q,R x ,...,R b ) or (0, 1, 1,0..., 0, Ri, .... R b ) 

as long as n > 3. 

Suppose that Ri = 1. If Si = then twisting along di gives 

Qr'A r i) = 1i( r i) + ld d i) -1=0 

and does not affect the other coordinates. If Si = 1 then the simple closed curve 
ai + <22 may be connect-summed to the simple closed curve di to give a curve x 
which intersects ai, a 2 and once, the other curves and arcs not at all, and has 
qt (x) = 0. Then 

Qr*d r i) = qtin) +q ( {x) -1=0 

so twisting around this sets Ri to 0. Doing this for each i allows us to reduce to an 
element of the form 

(0,1,0,...,0) or (0,1,1,0...,0) 

as long as n > 3, so there are at most two orbits. On the other hand, the invariant 
A distinguishes these two elements, so there are precisely two orbits, distinguished 
by A. □ 

We also make the following observation about the behaviour of A with respect 
to the dF; Z/2)-torsor structure on Pin + (F; S), which is immediate from the 

formula for A, 

(4.3) A(g-t)=A(0+g 




4.4. Diffeomorphism classes of Pin -structures. Once we have the map e : 
Pm.-(S n>b+1 ;5) ->• (Z/4)"+ b which is a bijection onto the subset {[1], [3]}"x{[0], [2]} b , 
we define a function 

A : Pm-(S n , b+1 ;S) — > Z/4 

by the formula 

3 = 1 

bearing in mind that is an orientation-preserving arc so q^(ri) is or 2, and 
is then defined to be or 1. 

Proposition 4.15. T/ie function A is T{S nyb j r i)-invariant. 

Proof. We only need to show that it is invariant under Dehn twists. Let x be an 
orientation-preserving simple closed curve represented in homology by ^i a i + 
^jdj, and £ a Pin" -structure. Then 

Qr^{a t ) = qt(a,i) + X 4 (q 5 (x) - 2) 

and 

1rid r j) = %( r i) + ( X j - *o)(qt;( x ) - 2 ) 
so if q^ (x) = 2 the proposed invariant is trivially preserved. If q^ (x) = then 

E tor;«(r<)/2 - E «i«£(ri)/2 = - E ^( A i - A o)- 
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Using Lemma 14.91 $i — an d so 

r r 
3=1 J=0 

which is J^Xi(g^(ai) - 2X f ) = ^^9e( a _ 2(x,i) = X^3e( a i)> as (^j 31 ) = 
because a; is orientation-preserving. 

On the other hand, q r *4(oi) = 1 if and only if q^(di) = 1 + 2JQ, which falls into 
two disjoint cases: 

(i) either q^{ai) — 1 and Xi = 0, 

(ii) or q^(ai) — 3 and Xi = 1. 

Thus the difference #{^(ai) = 1} — #{^(ai) = 1 + 2Xi} is the same as the 
difference #{<fc(ai) = l,Xi = 1} - #{<?g(aj) = 3,X { = 1} which is as 
required. □ 

Proposition 4.16. TTie induced map A : Pin - (5„ j, + x; 5)/r(5 n — >■ Z/4 is a 
bijection if the source is non-empty and n > 3. 

Proof. Let us use the bijection e~ to identify Pin" (S n ^+i', 5) with {[l],[3]} n x 
{[0], [2]} b , and write elements as (A\, ...,A n ,Ri, ...,i?f,). Note that 

!q ( (a s ) s=fi,j 
qt(a,j) s = i 
qd a i) S = J- 

Thus given an element (A±, A n ) G (1 + 2Z/4)" there is a diffeomorphism which 
permutes its entries arbitrarily. Note also that 



q ( (a s ) i=£i,j,k,l 
q^(aj+a k +ai) s = i 
etc. 



This allows us to replace an occurrence of (3, 3, 3, 3) in (Ai, A n ) by (1, 1, 1, 1). 

Suppose that Ri = 2. If Si = then twisting along di sets Ri to 0. As n > 3 
there is a pair of basis elements aj, a k such that {Aj, A k } — {1, 1} or {3,3}. If 
Si = 2 the simple closed curve aj + a k may be connect-summed to the simple closed 
curve di to give a simple closed curve x which intersects aj, a k and r, once, the 
other curves not at all, and has q$(x) = q$(aj) + q^(a k ) + S{ = 0. Then 

QT*d r i) = <??( r + id x ) -2 = 

so twisting around this sets Ri to 0. This shows how to reduce to R± = ■ ■ ■ = R r = 0. 
Thus for n > 3 there are at most 4 orbits. On the other hand, the invariant A 
distinguishes the four elements 

(3,...,3,0,...,0),(1,,3,...,3,0,...,0),...,(1,1,1,3,...,3,0,...,0) 

and so there are precisely four orbits, distinguished by A. □ 

We also make the following observation about the behaviour of A with respect 
to the H 1 ^, dF] Z/2)-torsor structure on Pin (F; S), which is immediate from the 
formula for A, 

n b 

(4.4) A(g ■ = A(0 + ]>>K) ' («£(*) ~ 2) - £ ^fa). 

»=i j=i 
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4.5. Gluing Pin* surfaces. As in ij2.51 we require a formula for the effect on 
the invariant A of gluing together surfaces. For our purposes we only need such 
a formula for gluing together cobordisms of the form SVi.i+i, and so we shall not 
investigate the existence of a formula for gluing more general cobordisms. 

If (F, 5) and (F' , 5') are cobordisms with Pur 11 boundary conditions and there is 
an identification ip : di n F' = d ou tF of boundary components along with a covering 
isomorphism (ft : 5\d irl F' — &'\d out F between boundary conditions, we obtain a gluing 
map 

: Pm ± {F;8)/T(F) x Pw ± (F , ;6')/r(F') 
— > Pin ± (F LV F'; S m + S' out )/T{F F'). 

We always suppose that each boundary components of each surface has a marked 
point with standard Pin ± -structure, and that these are identified under (ip,(f>). 

Lemma 4.17. Consider gluing together two Pin^ cobordisms SV^i+i and S^'.i+i- 
In the Pin + case, the function A evaluated on the glued surface <^)(£) £') is 
A(£) + A(£'). In the Pin - case, the function A evaluated on the glued surface 
U>,4>)fo?)i*Mt) + M?) + 8\a in s n , tl+1 . 

Proof. These formulas are immediate from the definitions of the invariant A, and 
in the Pin - case the observation that when gluing two arcs together at a single end 
the monodromy adds, so the value of adds, but then two is added. □ 

We also require the following lemma concerning more general gluings, though 
not any explicit formula for the effect on the invariant A. 

Lemma 4.18. If we fix a (possibly orientable) Pin* -surface F' , then the map 

(iP, ( f>):Pin ± (F;6)/r(F)-^Pm ± (FU i; F';S in + S' out )/T(F F') 
is a bijection as long as F is non- orientable of genus > 3. 

Proof. Note both sides have the same cardinality (2 in the Pin + case and 4 in the 
Pin - case), and so it is enough to show that the map is surjective. For this we 
consider the commutative square 

Pin ± {F) ~ Z/2 or Z/4 

(ip, (ft) induced 
A 

Pin ± (F F') Z/2 or Z/4 
where the left vertical map is a map of torsors over the map 

H l (F, dF; Z/2) — ► H^F F' , d(F F');Z/2). 

In the Pin + case the formula (14.31) shows that the composition along the bottom 
of the diagram is surjective, as we may always find a g € H 1 (F,dF;l l /2) that 
evaluates to 1 on a i ■ 

In the Pin - case, observe that given a tuple of elements in {[1], [3]} 3 we may 
write any element of Z/4 as a sum of them using only coefficients and 1. This 
observation along with the formula (I4.4[) shows that composition along the bottom 
of the diagram is surjective as long as F has genus > 3. □ 

4.6. Homological stability. We will now use the above results to apply the main 
theorem of [TB] in the case of non-orientable surfaces. The proofs necessarily use 
terminology intrroduced in |18) . and we will not give these definitions again. 

Theorem 4.19. The moduli spaces of Pin + -surfaces exhibit homological stability. 
More precisely, 
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(i) Any a(n) : 7W Pm+ (S n .b) ~^ -M Pm (S n +2.b-i) "is a homology epimorphism in 
degrees 5* < n — 1 and a homology isomorphism in degrees 5* < n — 6. 

(ii) Any j3(n) : A^ Pln (S n ,b) — > M Pln (S n ,b+i) * s o, homology epimorphism in 
degrees 5* < n — 2, and a homology isomorphism in degrees 5* < n — 7. 
If one of the created boundary conditions is trivial, it is a split homology 
monomorphism in all degrees, 
(in) Any "f(n) : A4 Pm (S n .b) — > Ai Pln (S n> b-i) for b > 2 is a homology isomor- 
phism in degrees 5* < n — 2, and a split homology epimorphism in all degrees. 

(iv) Any fj,(n) : A4 Pln (S n ,b) -M Pln (S n +i.b) is a homology epimorphism in 
degrees 4* < n — 1, and a homology isomorphism in degrees 4* < n — 5. 

Proof. In order to apply Theorem 7.2 of |18j . we must verify a collection of condi- 
tions: that Pin + -structures stabilise on no at genus h, and that they are k-trivial, 
and furthermore that they stabilise on ttq at genus h! for projective planes, and 
that they are k' -trivial for projective planes. We claim that this is indeed so with 
(h, k, h' , k') — (4,4,4,3), so solving the recurrence relations of 18, §7.2] with this 
data gives the stated stability ranges. 

The path components of the moduli spaces of Pin + -structures stabilise at genus 
4 by Proposition ^. 141 and Lemma f4. 181 Proof of 4-triviality follows from that in the 
(2-)Spin all the diagrams which need to be checked involve only oricntablc 

surfaces, on which Pin + -structures are in canonical bijection with Spin-structures. 
Checking 3-triviality for projective planes amounts to producing, for each collection 
of Pin + -surfaces as in Figure 0] (where the two Pin + -surfaces obtained by going in 
the two possible ways around the diagram are isomorphic), a Pin + -surface taking 
the place of the dotted arrow. 




Figure 4. The given data to show 3-triviality for projective 
planes. The two Pin + -surfaces obtained by composition are iso- 
morphic, and we must provide a genus two Pin + -surface from A to 
C such that for each triangle the two obtained Pin + -surfaces are 
isomorphic. 

We choose Sa so that A(S A ° Sb) = A(S A ) + A(S B ) = A(S L ). This is possible 
as we can realise either value of A with a genus 2 surface. It now follows that 

A(S T o 5 a ) = A(S T ) + A{S A ) = A(S T ) + A[S£) + A(S B ) = A(S R ). 



FRAMED, r-SPIN AND PIN MODULI SPACES AND MAPPING CLASS GROUPS 23 



As the surfaces Sr, Sl, 6a ° Sb and St ° 6a all have genus 3, the invariant A 
is complete, and hence 5a o 5b = Sl and St ° Sa — Sr as Pin + -surfaces as 
required. □ 

Theorem 4.20. The moduli spaces of Pin - -surfaces exhibit homological stability. 
More precisely, 

(i) Any a(n) : Ai Pm — > -M Pln (6„+2,b~i) is a homology epimorphism in 
degrees 5* < n — 1 and a homology isomorphism in degrees 5* < n — 6. 

(ii) Any /3(n) : Ai Pln (5 nj h) —> A1 Pln (S rit b+i) is a homology epimorphism in 
degrees 5* < n — 2 and a homology isomorphism in degrees 5* < n — 7. 
If one of the created boundary conditions is trivial, it is a split homology 
monomorphism in all degrees. 
(Hi) Any 7(n) : A4 Pln (S n ,b) — > A4 Pln (S n .b-i) for b > 2 is a homology isomor- 
phism in degrees 5* < n — 2, and a split homology epimorphism in all degrees. 

(iv) Any /i(n) : yVf Pln (S nt b) — > M Pm (S n +i,b) is a homology epimorphism in 
degrees 5* < n — 1, and a homology isomorphism in degrees 5* < n — 6. 

Proof. In order to apply Theorem 7.2 of |18j . we must verify a collection of condi- 
tions: that Pin - -structures stabilise on ttq at genus h, and that they are k-trivial, 
and furthermore that they stabilise on ttq at genus h! for projective planes, and 
that they are k' -trivial for projective planes. We claim that this is indeed so with 
(h, k, h' , k 1 ) — (4,4,4,4), so solving the recurrence relations of 18j §7.2] with this 
data gives the stated stability ranges. 

The verifications are precisely the same as for Pin + -surfaces, with the sole ex- 
ception that we only get 4-triviality for projective planes, not 3-triviality, because 
we cannot necessarily realise every value of the invariant A on 6*2,1+1, though we 
can on 63,1+1. □ 

4.7. Homological stability for closing the last boundary. The above theo- 
rems give homological stability theorems for almost all the stabilisation maps one 
might require, except for that which closes off the last boundary component. The 
paper [18] contains a general result for closing the last boundary condition, whose 
hypotheses are satisfied in this case. 

Theorem 4.21. Any 7 (n) : A4 pin (S„,i; 5) ->■ M p ' m (£„) is a homology isomor- 
phism in degrees 5* < n — 2, and a homology epimorphism in degrees 5* < n + 3. 

Proof. We will verify the conditions for closeability for the tangential structures 
Pin ± , and so assume the language of [TS] . The natural map B pm — > Bq , from the 
space of Pin ± -structures on D 2 to the space of trivial tangential structures on D 2 , 
induces a bijection on ttq as the fibre of 9 : BPin ± (2) ->■ BO{2) is path-connected. 

Hence ir {C p (F)) S ir {C°{F)) for any surface F, and we showed in [TH1 
§10.3.2] that the trivial tangential structure is closeable for non-orientable surfaces, 
so Pin ± -structures are also. The theorem now follows from [TBI Theorem 10.6]. □ 

5. Applications of homology stability for Pin ± -suRFACES 

Let us denote by MTPin ± (2) the Thorn spectrum of the virtual bundle — 7 Pm± — > 
_BPin ± (2). There is a natural comparison map 

a : ]J M Pin± {S n x,S) — ■* fi°°MTPin ± (2) 

n>l 

where S is a boundary condition which bounds a disc. The left hand side admits the 
stricture of a topological monoid, under the "pair of pants" product, and Galatius 
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and the author [S] have shown that this map is a group-completion. In particular, 
applying the group-completion theorem [TB] we obtain a homology equivalence 

(5.1) Z X M Pin± (S«,) — > r2°°MTPin ± (2). 

In particular, the group 7ro(fi°°MTPin + (2)) is in natural isomorphism with ZxZ/2 
and the group 7ro(^°°MTPin~(2)) is in natural isomorphism with Z x Z/4. Let 
us denote by f2^°MTPin ± (2) those path components corresponding to on the Z 
factor. Combining this with the homology stability theorem proved in this paper, 
we establish the following corollary. 

Corollary 5.1. The space A4 Pln± (S n .b] 6) has the integral homology of the infinite 
loop space fi^MTPin ± (2) in degrees 5* < n - 6. 

In fact, one can do slightly better in the Pin + case, but we leave that to the 
reader. Taking fundamental groups, we obtain the following computational corol- 
lary. 

Corollary 5.2. The abelianisation ofT Pm isZ/2 forn > 9. The abelian- 

isation ofr Pin ~(S n , b ;£) is (Z/2) 3 forn > 11. 

Proof. By the homological stability theorems for these groups, their abelianisation 
in this range coincides with the first homology of the spaces f2g°MTPin + (2) an d 
f2j5°MTPin - (2) respectively. By Hurewicz' theorem, this coincides with the first 
homotopy group of these spaces. These are computed in Appendix [XJ □ 

5.1. Stable homology of the Pin ± mapping class groups. Let us briefly dis- 
cuss the homology of the moduli spaces _A/f Pm (Soo), which coincides with the 
homology of the stable mapping class group r Pm (Soo). This will require cer- 
tain calculations in homotopy theory which we have included as Appendix [21 By 
Proposition IA.3I and [T7l §5.1] there are equivalences of Z[i]-local spectra 

(5.2) MTPin ± (2) [±] ~ MTO(2) [±] ~ T,°°BO(2) + [±] ~ E°°HP^ [±] 
and so isomorphisms on Z[i]-homology 

In particular, the rational cohomology ring is 

iT(.M Pin± (Soo); Q) = H*(M(S 0O y ) Q) = Q[Ci,Ca,...] 

where the classes C,i in degree Ai are the characteristic classes introduced by Wahl 
[2Tj for unoriented surface bundles. For a surface bundle S — s> E A- B they may 
be defined as the Becker-Gottlieb transfer of the i-th power of the first Pontrjagin 
class of the vertical tangent bundle, that is, &(E) := tril( Pl (T v Ey) G H 4x (B;Z). 

Ebert and the author [6] studied the divisibility of (i £ H 4l (M(Soo)',Z), and 
found them to be indivisible. By the first equivalence of (|5.2j) it is then clear that 
the classes d € H 4l (A4 Fln (Soo); Z) are divisible at most by a power of 2. 

Proposition 5.3. The class Q € H Al (M Pm (S oa )\'L) is divisible by precisely 4 l . 
The class Q G H u (M Tin+ (S^,); Z) is divisible by A\ and by at most 2 • 4\ 

Proof. Note that the class Pl e H*(BPin ± (2);Z) is (uniquely) divisible by 4. Thus 
Ci = trf*( Pl (T v ) 1 ) 6 H 4i (M pin± (Soo);Z) is divisible by 4V 

To see that it is not divisible further for Pin"-structures, consider the projec- 
tivised vector bundle MP 2 -)• P(7f pin ) A SSpin(3). There is a vector bundle 
isomorphism 7r*7| pin = T"P(7| pin ) L where L is the real line bundle charac- 
terised by the fact that it restricts to the tautological bundle on each fibre. By the 
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Leray-Hirsch theorem, the F2-cohomology of the total space of this fibration is the 
free module 

/T(p( 7 fP-) ; F 2 ) = H*(BSpm(3);¥ 2 )(l,x,x 2 ) 

where the class x = W\(L) satisfies x 3 = 0, and there is a similar decomposition for 
integral cohomology. The total Stiefel- Whitney class of the vertical tangent bundle 
is 

W (T V ) = ^*w( 7 f pin ) ■ w(L)- 1 =(l+x + x 2 ), 

so w\(T v ) — x and w 2 (T") — x 2 , and hence T v admits a Pin~-structure. Thus this 
bundle is formally classified by a map BSpin(3) M P,D ~ (Si) -> f7°°MTPin-(2). 

Recall that H* (BSpm(3); Z) = Z[77i] where Arji = p\. This may be seen as 
Spin(3) = SU(2) so the cohomology ring is polynomial on a degree 4 generator rj\ := 
— C2(7^ C/( ' 2 ' ) ), and Pi(73 Pm ) = — 4c2 = 4r?i. The calculation of the first Pontrjagin 
class follows by taking Chern classes for the identity 7 f pm ®iC = Sym 2 (7^^ ) , 
which we learnt from [5J Proposition 5.2.5]. Writing /3 for the Bockstein operation, 
we may computtQ it* (pi) = pi(T" © L) = pi(T v ) + (3( Wl (T v )) ■ /3(wi(L)) so that 
Pl (T v ) = tt*{ Pi ) + f3(x) 2 . The integral class (3(x) 2 e # 4 (P( 73 Spin ); Z) = Z^i • 1) is 
2-torsion and hence zero. Thus pi(T v ) = n*(pi) so 

C, = trC( Pl (T v y) = trf»D) = X (RP 2 ) ■ p\ =p\ = 4?r& £ i/ 4l (i?Spin(3); Z) 

which is divisible by precisely 4*. Thus Q is divisible by at most 4*. 

To pass from this information about the divisibility for bundles of RP 2 's to 
divisibility in general, it is enough to note that the Q are defined universally on 
i7°°MTPin _ (2), so by the above example must also be divisible by at most 4* 
here. The homology equivalence (|5.ip then implies the same divisibility in the 
cohomology of M Pm (Soo)- 

To see that for Pin + -structures the class Q is divisible by at most 2 -4 Z , note that 
pulling back & via ft°°MTSpin(2) ri oc MTPin + (2) gives the class n 2l , which 
Ebert [5] has shown to be divisible by precisely 2 2l+1 . □ 

As only closed non-orientable surfaces of even Euler characteristic admit Pin + - 
structures, we cannot hope to find such a structure on the projectivisation of a rank 
3 vector bundle, so making precise the upper bound on the divisibility of d in this 
case is more difficult. 

Appendix A. Computing 7ri(MTPin ± (2)) 

We first state the structure of the F2-cohomology algebras of BPin ± (2), as al- 
gebras over the mod 2 Steenrod algebra A 2 . These may be computed from the 
Serre spectral sequence for the principal fibrations (|4.1[) . In the Pin - case one 
must consult the Eilenberg-Moore spectral sequence for the fibration _BPin~(2) — > 
BO(2) K(Z/2, 2) to obtain the ^-module structure. 

Proposition A.l. There is an isomorphism of rings 

H*{BPm + (2);W 2 )=W 2 [w 1 ,x 2 }. 

Here, u>i is the first Stief el-Whitney class of the universal Pin + -bundle, and the 
higher Stief el- Whitney classes vanish. The A 2 -module structure is determined by 
the ring structure and Sq 1 (x 2 ) = w\ ■ x 2 . 



This is a general formula for the first Pontrjagin class of a rank 3 bundle which splits off a 
rank 1 subbundle: p\ (72 ©71 ) = pi (72) + (72)) • (71 )), which may be easily derived from 
the definition of Pontrjagin classes. 
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Proposition A. 2. There is an isomorphism of rings 

H*(BPin-(2);¥ 2 )=¥ 2 [w 1 ,x i ]/(wl). 

Here, w\ is the first Stief el- Whitney class of the universal Pin~ -bundle, 11)2(72 n ) = 
w 2 , and the higher Stief el-Whitney classes vanish. The class in degree 4 is the 
reduction of an integral class, and hence Sq 1 vanishes on it. Furthermore, Sq 2 also 
vanishes on it. This determines the structure as an A2~module. 



Proposition A. 3. 

class pi in degree i 



There is an isomorphism _ff*(_BPin (2);Z[^]) = Z[^][pi]. 
is the first Pontrjagin class of the universal Pir^ -bundle. 



The 



Recall that MTPin ± (2) is defined to be the Thorn spectrum of the virtual bundle 
■> BPin ± (2). This has a Thorn isomorphism in F2-cohomology, so armed 



-7 2 Pi: 



with the above data, one may easily compute the F2-cohomology of MTPin ± (2) 
as an _4 2 -niodule, and hence compute the i? 2 -page of the Adams spectral sequence 
in small degrees, which we include as Figure [5j Note also that by (|5.2p the group 
7Ti(MTPin ± (2)) has only even torsion. 



MTPin+(2) 



MTPin- 




FlGURE 5. Partial i5 2 -pages of the Adams spectral sequences 
converging to the 2-primary homotopy groups of the spectra 
MTPin+(2) and MTPin~(2) respectively. Vertical lines corre- 
spond to multiplication by 2 6 7r (S), lines of slope 1 correspond 
to multiplication by 77 € 7Ti(S), and lines of slope 1/3 correspond 
to multiplication by v 6 ^(S). The diagram is complete to the 
left of the dotted line. 



Theorem A.4. 7Ti(MTPin+(2)) = Z/2. 

Proof. The only possible differential landing in total degree 1 can be seen not to 
exist through the 7r*(S)-module structure. □ 

Consider the cofibration sequence (see e.g. [5J Proposition 3.1]) of spectra 

MTSpin(2) — > MTPi n -(2) — ► Th,(-^' m ~ ©7^ -> BPin _ (2)) =: C 

where 7^ denotes the unique non- trivial real line bundle over BPin~(2). The total 
Stiefel-Whitney class of —^2™ © 7i =1 i s (1 + u>i + w 2 )(l + wi) = 1, which means 
that iJ*(C;F 2 ) = ir 1 ff*(.BPm~(2) + ; F 2 ) as modules over the Steenrod algebra. 
As £4 supports no non-trivial Steenrod operations, this module splits as 

E _1 M © S 3 M © E 7 M © • • • 

where M = ¥2(1, tui, w 2 ) is a module over the Steenrod algebra with unique oper- 
ation Sq 1 (wi) = w\. 
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Similarly, the total Stiefel- Whitney class of — 7 2 pm — > -BSpin(2) is 1, so there 
is an isomorphism ff*(MTSpin(2); F 2 ) = £- 2 i?*(.BSpin(2) + ; F 2 ) of modules over 
the Steenrod algebra. This allows us to calculate the -E 2 -pages of the Adams spectral 
sequences converging to the 2-primary homotopy groups of these spectra, which we 
include as Figure |U 



MTSpin(2) C 




Figure 6. Partial i5 2 -pages of the Adams spectral sequences 
converging to the 2-primary homotopy groups of the spectra 
MTSpin(2) and C respectively. The diagram is complete to the 
left of the dotted line. 



Theorem A.5. 7ri(MTPin-(2)) = (Z/2) 3 . 

Proof. On the Adams i? 2 -page in total degree 1, there is a F| in filtration 1 and 
a F 2 in filtration 2, and there are no additive extensions. In total degree 2 there 
is an F 2 in filtration 0, which could potentially kill the element in total degree 1 
filtration 2. We claim there is no such differential. 

Consider the long exact sequence on homotopy coming from the cofibration se- 
quence 

MTSpin(2) — > MTPin~(2) — > C, 

> vr 2 (C) — > 7ri(MTSpin(2)) 7r 1 (MTPin"(2)) — ► (Z/2) 2 

Z © Z/2 — > Z © Z/4 — > (Z/2) 2 Z/2 Z/2 Z -A Z — >• Z/2. 

Working backwards from the end, the boundary map 

tt_i(C) = Z — > 7r_ 2 (MTSpin(2)) = Z 

is multiplication by 2, as 7r_ 2 (MTPin~(2)) = Z/2, and hence the previous map 
must be zero. Thus 7r_i(MTSpin(2)) — > 7r_i(MTPin~(2)) is surjective and hence 
an isomorphism. The map 

7r (MTSpin(2)) = Z © Z/2 — > 7r (MTPin- (2)) = Z © Z/4 

has cokernel (Z/2) 2 , so must be injective, and hence the previous map is zero. Note 
7Ti(MTSpin(2)) is generated by v times a generator of 7r_ 2 (MTSpin(2)), so it has 
non-trivial image in 7Ti(MTPin _ (2)), and the result follows. □ 
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